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Abstract. We define an algebraic derivation on an affine domain 
B denned over an algebraically closed field k of characteristic 0, 
which is called a locally finite derivation in [1] , for example, and has 
appeared in commutative and non-commutative contexts in other 
references. We, without being aware of this existing definition 
and related results, introduced the term of algebraic derivation by 
extracting a property analogous to algebraic actions of algebraic 
groups. The first section is devoted to the graded ring structure 
which the algebraic derivation D defines on B in a natural fash- 
ion. The graded ring structure is indexed by an abelian monoid 
which is a submonoid of the additive group of the ground field 
k. This structure is already observed in [3]. But our approach is 
more computational and straightforward. If the monoid indexing 
the graded ring structure of B is rather restricted (see Theorem 
1.91 below), the derivation D is close to what is called an Euler 
derivation mixed with a locally nilpotent derivation. We observe 
this fact when B is a polynomial ring mostly in dimension two. In 
fact, the results in section two give various characterization of a 
polynomial ring k[x, y] in terms of algebraic derivations. The third 
section gives a remark on singularities which can coexist with alge- 
braic derivations. The results given in sections two and three are 
new. 



Introduction 

Let G be an algebraic group denned over an algebraically closed 
field k. If G acts on an afnne algebraic variety X = Spec B, we say 
that the action is algebraic if for every element b of B the fc-vector 
subspace Y2 g eG{k) k- 9 b in the ring B generated by all translates 9 b with 
g G G(k) has finite dimension, where G(k) is the set of closed points of 
G. Suppose that G is an afnne algebraic group Speci? and the G-action 
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is given by a fc-morphism a : G x X — > X. Let a* : B — > R <g> B be the 
coaction. For b £ B, write 

1=1 

Then 9 b = Y17=i ^gifi) ' ^> where 7r 9 : i? — > k is the fc-algebra homo- 
morphism corresponding to a point g G G(k). Then X] 9 eG(fc) ^ ' 9 & is a 
fc-subspace of J2i=i k ■ whence J2 g ec(k) ^ ' 9 b nas finite dimension. 

Suppose that the ground field k has characteristic zero and G is the 
additive group scheme G a . Then a G a -action on an affine algebraic 
variety X = Spec B corresponds bijectively to a locally nilpotent k- 
derivation 6 on B. In this case the /c-subspace J2 g <=G a {k) ^ coincides 
with Y2n>o ^ ' $ n {b), which has finite dimension because 5 n (b) = for 
n ^> 0. Note that if £ is an element of the quotient field Q(B), the k- 
vector space J2 n >o ^ ' $ n (Q does not necessarily have finite dimension. 
An example is a locally nilpotent derivation 5 = d/dx on a polynomial 
ring B = k[x\. Taking 1/x as an element £, it follows that ^2 ge c (k) ^ ' 
9 £ = Yl n >o k ' x ~ n i which is not of finite dimension. 

We can extend the notion of algebraicity to regular vector fields on 
an affine algebraic variety. Namely, let D be a fc-derivation on an 
affine domain B. We say that D is an algebraic derivation of B if for 
every element b G B, the k- vector subspace J2 n>0 k ■ D n {b) has finite 
dimension. A typical example of such an algebraic derivation which 
is not locally nilpotent is the Euler derivation D = Y^ii= 

"i *^ q x on a 

polynomial ring B = k[x±, . . . ,x n ] and a composite of a derivation of 
Euler type and a locally nilpotent derivation. 

Our objective in this article is to show that an algebraic derivation 
on an affine fc-domain is something very close to the derivation of the 
above type. Furthermore, we try to prove some structure theorems 
on the affine domain provided B has an algebraic derivation. We first 
show that an algebraic derivation D on an affine domain B gives a 
graded ring structure on B (see Theorem II. 5p . Then by making use 
of the graded ring structure and various properties of the algebraic 
derivations, we characterize polynomial rings of dimension two (see 
Theorems I2.4[ 12.51 and 12.61) . In section three, it is shown that the 
Euler derivation D = x-^ on a polynomial ring k[x, y] induces an 

algebraic derivation on k[x, y] for every finite subgroup of GL(2, k). 

For an integral domain B, the quotient field of B is denoted by 
Q(B) and the multiplicative group consisting of invertible elements of 
B by B*. For a ^-derivation Dona fc-domain B, we denote by D the 
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extension of D to Q(B). We denote by Ker D and Ker D the kernels 
of D and D respectively, which are the subring of B and the subfield 
ofQ(B). 

I. Algebraic derivations 

Let k be an algebraically closed field of characteristic and let B be 
an afline domain over k. Examples of algebraic derivations on B are 

(1) a locally nilpotent derivation, 

(2) a derivation of Euler type on a polynomial ring B — k[xi, . . . , x n ]. 

. d d 

D = Xxxx- 1 hA n £ n - — , Ai,...,A n efc 

OX i ox n 

Our first purpose is to give a structure theorem of an afline domain 
B with a non-trivial algebraic derivation D. Given a derivation D, we 
consider a k- algebra homomorphism ip D : B — > B[[t\] defined by 



<p D (b) = -^D n (b)t n for b G B. 



ni 

n>0 

Note that the homomorphism tpu can be defined for any linear map 
D:B^B. 

For A G k, let A A = D — A • 1 B , where 1 B signifies the identity 
morphism of B. We often write A\ = D — A. 

Lemma 1.1. For every A G k, we have ipo = e A 'y?A A - 

Proof. Set A = A A for simplicity. Then D = A + A • 1 B . For b E B, 

we compute as follows: 



n 

n>0 

6(1 + At + ^A 2 t 2 + • • • + -\ n t n + ■■■) 

+A(6)t(l + At + • • • + . ^— A"- 1 ^- 1 + ...)+-.. 

(n — 1)! y 

+^-A m (&)t m (1 + At + • • • + - — L^A n - m t™- m + •••) + 
m! \n — my. 

e xt {b + A(b)t + ^A 2 (6)t 2 + • • • + i-A m (6)t m + • • • } 
21 ml 

e xt V A(b). 



□ 
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For A £ k, set 

B\ = {b G B | (D — A) n (6) = for some positive integer n}. 

Then it is clear that b G B\ if and only if v ? a a (&) £ -^M- m particular, 

£„ = {& e £ | M&) e 

By making an essential use of Lemma 11.11 we prove the following 
lemmas. 

Lemma 1.2. We have the following assertions. 

(1) B Q is a k-subalgebra of B and D is locally nilpotent on B . 

(2) For any A G k, B\ is a Bo-module. 

Proof. (1) The assertion follows from the fact that (pr> is a fc-algebra 
homomorphism. 

(2) Let a G B and b G B x . Then 

cp D (ab) = ip D (a)<p D (b) = e xt (p D (a)ip Ax (b). 

On the other hand, we have ipo{ab) = e xt ip Ax {ab). Hence it follows 
that v 9 A A ( a ^) = < ^d(o) ( ^a a (&) £ B[t], which implies that A^(a6) = for 
some n > 0. □ 

Lemma 1.3. For A, fj, G k, B\B^ C B\ +fl . 
Proof. Let 6 G B x and c G £ M . Then 

MM = <p D (b)<p D (c) = e^W&Wc) 

and 

^(6c) = e( A+ ^VA A+M (&c). 
Hence <^a a+m (&c) = v 3 a a (^)v 9 a m ( c ) e -^M- This implies that 

(D — X — fi) n {bc) = 
for a sufficiently large n, and hence 6c G B\ +fl . □ 

Lemma 1.4. //A ^ /i, £/ien B\(l B^ = 0. 

Proof. Suppose that A; is a subfield of the complex number field C . 
Let b G B x nB^. Then ip D (b) = e xt ip Ax (b) = e^tp^b). Hence we have 

¥>A A ( 6 )' 

where y?A A (&), V?A M (fr) £ Hence the function in t on the right 

hand side is a rational function on C. Meanwhile, the function on 
the left hand side is an entire function which does not have zeros and 
poles. Hence it follows that f All {b) and v 9 a a (^) are constants, namely, 
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(D - X)(b) = and (D - fi)(b) = 0. So, D(b) = \b = fib, which implies 
6 = 0. 

We may assume that A; is a subfield of C. Since B is finitely generated 
over k, B is isomorphic to the residue ring k[xi, . . . , x n ]/ (/i, . . . , f m ). 
Let a r be the coefficients appearing in polynomials fi, ■ ■ ■ , f m £ 

. . . , i n ], and let A; be the field Q(ai, . . . , a r ). Let 

C = ho[xi,...,x n ]/(f f m ). 

Then B = C ®k k. Adjoining to ko the elements A,/i and the coeffi- 
cients of D(x~i) for 1 < % < n when they are expressed in the forms of 
polynomials in Wi, . . . ,x n , where Xi is the residue class of Xi in B, we 
may assume that (fA x (b) and v ? A M (^) are polynomials in t with coeffi- 
cients in ko. Since ko is finitely generated over Q, we may embed ko 
into C and replace k by the algebraic closure of the embedded k in C. 
Thus we may assume that k C C. □ 

For an element b G we define the \i-heightoi b as the non-negative 
integer r such that (£> - fi) r {b) ^ and (D - yu) r+1 (6) = 0. Note that 
li- height is defined only for elements of B^. The first structure theorem 
on an affine domain with an algebraic derivation is stated as follows. 

Theorem 1.5. Let D be an algebraic derivation on an affine domain 
B. Then B = @ Aefc B\, which is a graded ring over B . Furthermore, 
D(B X )CB X . 

Proof. Let b E B. Then the vector space V = J2 n> okD n (b) has 
finite dimension. We may choose an integer n > so that 

{b, D(b), D 2 (b),..., D n ~\b)} 

is a A;-basis of V and D n (b) is expressed by a linear combination of 
b, D(b), . . . , D n ~ l (b). Then D is a A;-linear endomorphism on V and 
V decomposes into a direct sum V = ®\V\ where V\ — {v e V | 
(D - X) n (v) = 0,ri > 0}. Since V x C 5a, it follows that b e A fi A - 
The previous lemmas show that B = @ A _B A is a graded ring over 
i? . As for the second assertion, let b £ B\. Let r be the A- height 
of b. If r = 0, then D(b) = Xb G B\. Suppose that r > 0. Since 
(D - \) r+1 {b) = 0, the element (D - A) (6) G 5 A and the A-height of 
(D — A) (6) is r — 1. By induction, we may assume (D — A) (6) G £? A . 
Then D(6) = Xb + (D - A) (6) G S A . So, D{B X ) C B x . □ 

We look into the properties of the subring B . 

Lemma 1.6. Let D be an algebraic derivation on a normal affine do- 
main B . Then B is integrally closed. 
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Proof. Suppose that £ G Q(B ) is integral over B . Then it follows 
that £ G B since B is normal. The element £ G -B satisfies 

C + aiC' 1 + • • • + Oi n = 0, 
where each «j is an element of B Q . Hence it follows that 

M0 n + MaOMer -1 + • • • + ^K) = °- 

So, <^d(0 is integral over k[<pi>(ai), . . . ,<pi>(a n )] C B[t}. Since is 
integrally closed and £ Q(-B[t]), h follows that <£d(£) G -B[t]. 

Hence £ G -Bo- □ 

We observe the following two examples. One deals with the Euler 
derivation and the other does a composite of the Euler derivation and 
a locally nilpotent derivation. 

Example 1.7. Let B = k[x±, . . . ,x n ] be a polynomial ring in n vari- 
ables and let D = Y^=i x i~£hT ^ e ^ ne Euler derivation on B. Then D is 
algebraic and B = ® d>0 -Bd, where B d is the fc- vector space spanned by 
monomials x™ 1 ■ • • x™ n of total degree d. In particular, Bq = k. Mean- 
while, Ker£> is k(^, . . . , ^r) which has transcendence degree n — 1 over 
k. " " □ 

Example 1.8. Let B = k[x,y] and let D = + For non-negative 
integers m and n, we have 

D (x n y m ) = nx n y m + mx n y m -\ ( 1 ) 

Hence for any non-negative integer r, we have D r (x n y m ) G k ■ x n y m + 
k ■ x n y m ~ 1 + • • ■ + kx n . Thus it follows that the derivation D on B is 
algebraic. By ([I]), we have (D — n)(x n y m ) = mx n y m ~ 1 and 

{D -n) m+1 {x n y m ) = 0. 

Hence if f(y) G with deg/(y) = m, then 

( J D-n) m+1 (a:"/(y)) = 

and x n f(y) G -B n . Since any element 6 G -B is written as b = fo(y) + 
xfi(y) + • ■ ■ + x n f n (y) where fi(y) G k[y) for 1 < i < n, it follows that 
B = (B n6 g >0 B n and S n = x n k[y]. The ring I? is graded by the monoid 
Z>o of non-negative integers. □ 

Let D be an algebraic derivation on a normal affine domain B over 
k. Let A = {Ag/c|-Ba7^0}, which is a monoid under the addition 
of (k, +), and let M be the abelian subgroup of (k, +) generated by A. 
We call A (resp. M) the monoid (resp. abelian group) associated to D. 
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Theorem 1.9. Under the notation and assumption as above, suppose 
that M is a totally ordered abelian group with ordering < in the sense 
that A > for every A G A and if A < // then A + v < fi + v for any 
v G Then the following assertions hold. 

(1) Q(B Q )DB = B . 

(2) Q(B ) is algebraically closed in Q(B). If B ^ B, then we have 
trans. deg k Q(B ) < trans. deg k Q(B). 

(3) B is factorially closed in B. Hence if B is factorial, then so is 

(4) Suppose that B is a polynomial ring of dim < 3. Then B is 
either a polynomial ring or k. 

Proof. (1) Suppose that b G Q(B )r\B. Then b is written as a^b = ai 
with a , ai G -Bo- By Theorem 11.51 b = b Xl + • • • + b Xn with b Xi G B x . 
for 1 < i < n. Since a b = a b Xl + • • ■ + a ob\ n = di, it follows that 
Aj = for some i and b = b Xi G -Bo- 

(2) Suppose that £ G Q{B) is algebraic over Q(B ). Then there 
exists a G -B such that a £ is integral over B . Since B C B and .B 
is integrally closed by assumption, a £ G B. The element ao£ satisfies 

(a O n + c 1 (a O n ~ 1 + --- + c n = (2) 

where Cj G -Bo for 1 < i < n. Write 

a £ = b Xl ^ h&A m , b Xl ^ 0, b Xm ^ 0, Ai < • • • < A m . 

If A m > 0, then the term b Xm , which has the highest order, cannot 
be cancelled by the other terms in the equation ([2]). Hence A m < 0. 
Similarly, Ai > 0. So, a £ G B and £ G Q(-B ). Suppose that _B ^ -B. 
Then there exists an element b G B x with A 7^ 0. Then 6 is algebraically 
independent over Q(B ). For otherwise, b is algebraic over Q(B ) and 
hence 6 G Q(B ). Then 6 G Q(B ) n B — B , which contradicts the 
choice of b. 

(3) Suppose that a = bib 2 G -B with non-zero 61, b 2 G -B. Write 
fri = b Xl + ■■■ + b Xr and 6 2 = & w + • • • + & Ms where 6 Al G -B Al and 
fyy e B^ with Ai < • • • < A r and /ii < • • • < // s . We may assume that 
b^b^b^b^ 7^ 0. Then the highest term of 6162 is &A r &/x s and the lowest 
is b Xl b^. Hence b Xr b^ s = b Xl b^ = a and so, bi = b Xl and b 2 = b^. 
Since Ai > 0, \i\ > and Ai + \i\ — 0, it follows that bi, 6 2 £ -B and 
-B is factorially closed in B. 

(4) We may assume that B ^ B and _B 7^ fc. Then trans. deg A ,(5(-Bo) 
< trans. deg k Q(B) < 3. Since dim B < 3, it follows by the assertion (1) 



The condition that if A < jU then A + v < /i + v for any v £ M follows from that 
M is a finitely generated subgroup of the additive group k. 
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and a result of Zariski [9] that Bq is an affine domain. Let X = Spec B 
and Y = Spec B Q . Then the inclusion B ^ B induces a dominant 
morphism p : X — > Y. Since 5 is factorial and B* = k* , B is factorial 
by the assertion (3) and Bq = k*. If dimB = 1, then B is a polyno- 
mial ring. Suppose that dimS — 2. Then p is equi- dimensional over 
p(X). In fact, suppose that there is an irreducible fiber component of 
dimension 2 in p. Then there exists a prime element b G B such that 
bB n -Bo = tti is a maximal ideal. Then bbi = a £ B Q . Since i?o is 
f actor ially closed in 5, it follows that 6 G B . Hence bB (1 B = bB , 
which is a contradiction. Then it follows that Y is isomorphic to A 2 
or a Platonic fiber space A 2 /G (see [5J Theorem 3]). If G is nontrivial, 
p splits to X — > A 2 — > A 2 /G = Y. In fact, Y has a unique singu- 
lar point, say P and the smooth locus Y° has the universal covering 
A 2 \ {O}, where O is the point of origin. Since p~ 1 (P) is either empty 
or of dimension one, A 3 \p~ 1 (0) is simply connected. Hence the fiber 
product 

Z = (A*\p-\P))xy (A 2 \{0}) 

splits into a disjoint union of copies of A 3 \p _1 (P). Then the restriction 
of the second projection p 2 : Z — > A 2 \ {0} to a connected component 
of Z provides the above splitting of p. This contradicts the fact that 
Q(B ) is algebraically closed in Q(B). □ 

Example 1.10. Let B = k[x,y] and 

D = x n ~ l y n (x-^- — y-7r~) (n>l). 
ox ay 

We have by computation 

D{x) = x n y n , D 2 (x) = and 
D\y) = (-l) k k\x k{n - l) y kn+l (k > 1) 

Thus YlJLo k ' D-*(y) is infinite-dimensional, and D is not algebraic. 
Next, compute D i {x l y^). For < i < j, we have 

D\xY) = {i-j)(i-j-i)-"(i-j-t+ iK+^-V +fa 

For i = j, we have D(x l y l ) 
x l ~ j (xy) j G B . Hence B 
Q(B) and 

Q(B ) n B 
If we write z = xy, then 5 



= 0. For i > j, it follows that a;*?/- 7 = 
= xy]. Therefore, we have Q(B ) = 

= Q{B) DB = B^B . 
= k[x, z] and D\ Bo = z n -§-. □ 
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We can raise the following natural question. 

Question. Let B be an affine domain over k with an algebraic deriva- 
tion D. Is Bq finitely generated over fc? 

When D is locally nilpotent, it is clear that B Q = B is finitely gener- 
ated. So, we are interested in the case that D is not a locally nilpotent 
derivation. If the monoid A is Z> , then B Q is an affine domain and 
every B^ is a finitely generated 5 - m °dule. 

An element A of the monoid A is said to be primitive if A = // + v 
with fi, v G A then either fi = or v = 0. 

Lemma 1.11. Let X be a primitive element of the associated monoid 
A and let £ be an element of B\ such that (D — A)(£) = 0. Suppose 
that the associated abelian group M is totally ordered, B is a factorial 
domain with B* = k* and Ker D = k. Then £ is irreducible in B. 

Proof. Suppose that £ is reducible. Write £ = bib 2 with 61,62 G B 
and gcd(6i,6 2 ) = 1- Since £ is a homogeneous element, both b\ and 
62 are homogeneous. Since A is primitive in A, we may assume that 
61 G Bq and b 2 G B\. Since (D — A) (6162) = 0, we have 

b x {D{b 2 ) - Xb 2 ) = -&*D(&i). 

Since gcd(&i,& 2 ) = 1, D(p\) is divisible by b\. By Theorem 11.91 B is 
a factorial affine domain over k. Since D(B Q ) C I? and -D is locally 
nilpotent on i? , it follows that b\ G Ker D = k (see [2]). This is a 
contradiction. □ 

2. Algebraic derivations on k[x,y) 

Let B be an affine domain with an algebraic derivation D. Then 
D extends uniquely to a derivation D on K = Q(B). In the present 
section, we intend to characterize a two-dimensional polynomial ring 
k[x,y] and algebraic derivations on k[x,y] in terms of the subring B 
and the associated monoid A, though our results are partial. We begin 
with the following result. 

Lemma 2.1. Let R be an affine domain of dimension one defined over 
a field Kq of characteristic zero which is not necessarily algebraically 
closed. Assume that Kq is algebraically closed in Q(R) and that R is a 
graded ring R = © n>0 Rn with Rq = Kq. Then the following assertions 
hold. 

(1) R is a polynomial ring Kq[£] such that R n = K ^ n for every 
n>0. 
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(2) Suppose that the graded ring structure on R is given by an al- 
gebraic K -derivation D and the associated monoid A is Z> A 
for some A G A. Then for every fi G A, we have 

R IM = { V eR\{D-ri(7]) = 0}. 

Proof. (1) Let £ be a nonzero element of Ri and let A = Kq[£\. 
Then £ is algebraically independent over K and hence A is a graded 
subalgebra of dimension one in R. Since dimi? = 1, the field extension 
Q(R) D Q(A) is algebraic. Let rj G R n . Then there exist elements 

/o(0, A(0, • • • > fr(0 £ A With gcd(/ (0, • • • , /r(0) = 1 ^ch that 

/ (0^ + hW 1 + ■ ■ ■ + /r(0 = (3) 

yields a minimal equation of 77 over Write 

/o(£) — £ m + (terms of lower degree in £). 

Consider the homogeneous part of degree (m + rn) in the equation (J3J) 
and obtain 

£"V + CiC+V" 1 + • • • + Cr e m+nr = 0, ci, . . . , c r G tf - 
Hence we have 

r/ r + cir^ r_1 + • • ■ + CrC r = 0. (4) 
By the minimality of the equation (JHJ) over the equation (JHJ) 

coincides with the equation (jlj) up to ifg. Hence m = and the 
equation ([3]) is written as 

rf + Cl £V _1 + • ■ ■ + CrC r = 0. (5) 
The equation (jSJ) yields an algebraic equation 

(f) r+ci fer + - + ^ a 

Since ^ is an element of Q(R) and -K" is algebraically closed in Q(R), 
it follows that ^ is an element of i^o- This implies that rj G KoC, n , and 
hence i? = A 

(2) Note that A is a minimal element of A other than 0. Let £ be a 
nonzero element of R\ such that £)(£) = A£. Then i? is a polynomial 
ring i^o[£] by the assertion (1). Let /i G A and write /i = nA. Then 
every element 77 of i?^ is of the form c£ n with c G K$. Hence we 
compute 

D( V ) = D(cC) = cnC^D^) = cnXC = {n\)r] = m . 
Thence follows the assertion (2). □ 
The following result determines an algebraic derivation on B = k[x]. 
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Proposition 2.2. Let B = k[x] be a polynomial ring of dimension 
one and let D be a nontrivial algebraic derivation on B. Then, after a 
suitable change of variable, either D = cj^ or D = cx-^, where c £ k* . 

Proof. If B = B then D is locally nilpotent, and D = c-4- with 
c G k*. Suppose that B ^ B . Let £ G B\B such that -D(£) = A£ with 
A G k*, and write £ = f(x) G k[x}. Then we have D(£) = f'(x)D(x) = 
Xf{x). Since deg/(x) > 0, it follows that D(x) is a linear polynomial 
in x. Write D(x) = cx + d with c ^ 0. Then D(cx + d) = c(cx + d). 
By replacing x with cx + cf, we may assume that D(x) = cx with 
c E k*. Then £> = ® n>0 B n with £> n = kx n is the homogenoeous 
decomposition of B with respect to D. Hence D = cx-^. □ 

In the case dim B = 2, if we assume that the monoid A associated to 
an algebraic derivation D is isomorphic to Z>o, we have the following 
result. 

Theorem 2.3. Let B be an affine domain of dimension two. Then 
B is isomorphic to k[x,y] if and only if the following conditions are 
satisfied. 

(1) B is a factorial domain with B* = k* . 

(2) B has a nontrivial algebraic k-derivation D such that the abelian 
group M generated by the associated monoid A is a totally or- 
dered abelian group, dimB > 1 and A is isomorphic to Z> 
provided dim B Q = 1 . 

Proof. Since the "only if" part is easy, we prove only the "if" part. 
If dim5o = 2 then B = B$. In fact, if B ^ Bq, take any element 
£ G B\B . Then £ is algebraic over Q(B ). Since Q(B ) is algebraically 
closed in Q(B) and Q(B ) fl B = B by Theorem 11.91 it follows that 
£ G 5o, a contradiction. Hence B = B . Then D is locally nilpotent on 
B. By an algebraic characterization of k[x,y], B is a polynomial ring 
k[x,y] [3 Theorem 2.2.1]. Suppose that dimB = 1. Then B is an 
affine domain of dimension one such that B is factorial and B^ = k*. 
Hence B = k[x\. By the assumption, B = ® n>0 B n \. Let K Q = Q(B Q ) 
and R = B ®b Kq. Then R is an affine domain of dimension one over 
K which has the graded ring structure R = ©„> -Rn with R = K , 
where R n = B nX ®b Kq- By Lemma l2TTj R is a polynomial ring i£o[£]- 
Hence the affine surface Spec B has an A 1 -fibration [3], and B is a 
polynomial ring in two variables by the algebraic characterization of 

k[x, y ] m- □ 

Under some additional conditions, we can further determine an al- 
gebraic derivation. 
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Theorem 2.4. Let B be an affine domain of dimension two with an 
algebraic derivation D. Then B = k[x,y] with 

D = — + Xy— 

dx dy 

for A G k* if and only if the following conditions are satisfied. 

(1) B is factorial and B* = k* . 

(2) Ker D = Ker D = k and B ^ k. 

(3) The monoid A associated to D is the set Z>oA of non-negative 
multiples o/Aefc*. 

Proof. "Only if" part. Suppose that B = k[x,y] and D = J^ + AyJ^. 
Then we can compute for every I > 1 

D\x m y n ) = n e X e x m y n + ^ c r x r y n , c r G k. 

0<r<m 

Hence x m y n G Bq if and only if n — 0. This implies that Bq = k[x]. 
Further, B^ ^ if and only if /i G Z> A and B n \ = B y n for a positive 
integer n. In order to find elements in KerD, write an element £ G Q(B) 
as £ = ^ with /, g G and gcd(/, g) = 1. Then -D(£) = implies 

/ | -D(/) and g | D(g). Write / = a + a x y + • • • + a m y m with the 
cij G Then it is straightforward to show that / | D(f) only if / is 
a monomial in y with coefficients in k. Similarly, g is a monomial in y. 
Then D(£) = if and only if £ G A;. The rest of the assertion is easy 
to show. 

"If" part. By Theorem l2.3[ B is a polynomial ring k[x, y\. If B = Bq, 
then D is locally nilpotent and D = f(y)-^ for a suitable choice of 
coordinates. It then follows that Ker D ^ k, which is a contradiction. 
Hence B ^ Bo and dim Bq = 1 by Theorem 11.91 Since Bq is a factorial 
affine domain of dimension one with Bq = k*, Bo is a polynomial ring 
and we may put B Q = k[x}. We may also assume that D(x) = 1. For 
every /i G A, there exists £ M G -B M such that D(^) = In fact, 

take a nonzero element 2 G -B M and let r be the /i-height of z. Let 
£ M = (-D — /i) r ,2. Then £ M G £> M satisfies -D(£ M ) = /x^. We claim that 
for every /i G A 



A'' 



Take any 77 G B^. If [D-fi)r] = 0, then£>(^) = 0. Hence ^ G KerL> = 
and 7] = c£ M with c G A;. We can show the claim by induction on 
the /i-height r of 77. Then — fi) r r] 7^ and (D — fi) r+1 i] = 0. By 
the induction hypothesis, there exists a polynomial f(x) G k[x) such 
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that (D — n)r] = /(x)^. Let F(x) G k[x] be a polynomial such that 
F'(x) = f{x). Then 

(D - »){F{x)Q = F'{x)^ + F(x)D(Q - fxF(x)^ = f(x)^. 

Hence it follows that (D — / u)(r/ — = 0, and r] — F(x)^ /Ji = c£ M 

for c G k. Thus the claim is verified. We can also verify by induction 
that degf(x) is the «-height of 7] when we write rj = /(x)^. 

Since A = Z> A by the hypothesis, it follows that = B ^ if 
a = An. Hence B = k[x,£\] and D is written as D = + AyJ^ with 

y = " '" □ 

The following result differs from Theorem 12.41 only in the condition 
(2). 

Theorem 2.5. Let B be an affine domain of dimension two with a 
nontrivial algebraic derivation D. Then B = k[x,y] with D = Xy-^ 
and A G k* if and only if the following conditions are satisfied. 

(1) B is factorial and B* = k* . 

(2) Ker5 = Q(Ker£>) g k. 

(3) The monoid A associated with D is Z> A with A G F. 

Proof. "Only if" part. Clearly, Ker D = k[x] = B and B = 
n > o B y n with Ker D = k(x) and A = Z> A. 

"If" part. By the conditions (2) and (3), we have the inclusions 

k C Ker D C B C 5. 

Hence dim Ker .D = dim 2? = 1 . Then every element of B is algebraic 
over KerD. Since D is locally nilpotent over Bq, it follows that KerD = 
B ( [2] ) . By Theorem 11.91 B Q = k [x] . Note that A is a minimal element 
of A which is nonzero and A = Z>oA. Let £ be an element of B\ such 
that (D — A)£ = 0. By dividing £ by elements of k[x], we may assume 
that £ is not divisible by any element of k[x] \k. Let rj G where 
\x = nX. Suppose that (D — \)r) = 0. Then -D(^p-) = 0. Hence 

G Q(B ) and thus we find f(x),g(x) G -Bo such that f(x)r) = g{x)^ n 
and gcd(/(x), g(x)) = 1. Since £> is factorial and £ is not divisible by 
any element of k[x] \ k, it follows that f(x) G k and rj G B ^ n . 

We shall show that 5 M = {r] G 5 | = 0}. Let K = <2(5 ) 

and R = B ®b q Kq. By Theorem 11.91 Q(Bq) is algebraically closed in 
Q(R). Then i? is an affine domain of dimension one over Kq and D 
extends to a i^o-trivial algebraic derivation on R because D(x) = 0. We 
may assume that B C R. Let rj G Then rj E R^ and (D — /j,)(rj) = 
by Lemma [2. II 
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Now we have proved that = -Bo£ n - Hence B = k[x,£\ and £)(£) = 
A£. So, it suffices to take y — £. □ 

We consider a characterization of an algebraic derivation of Euler 
type on a polynomial ring k[x%, . . . , x r ]. Let D be an algebraic deriva- 
tion on an affine domain B. Let Ai, . . . , A r be elements of k. We say 
that Ai, . . . , A r are numerically independent if niAi + • • • + n r X r = 
with the ni G Z implies n\ — ■ ■ ■ — n r — 0. The monoid A of D is said 
to be a free monoid of rank r if there exists numerically independent 
elements Ai, . . . , A r of k such that A = Yli=i ^>oAi. Then the abelian 
group M generated by A is a free abelian group ©£ =1 ZAj of rank r. 
Define a lexicographic order in M by setting 

miAi + • ■ ■ + m r X r < niAi + ■ • • + n r X r 

if there exists 1 < t < r such that rrii = ni for 1 < % < i and mi < n^. 
Then M is a totally ordered abelian group with the lexicographic order. 

Theorem 2.6. Let B be an affine domain of dimension r with a 
nontrivial algebraic derivation D. Then B = k[x±, . . . , x r ] and D = 
Xli=i ^i x i~BI~ w tth numerically independent elements Ai, . . . , X T G k if 
and only if the following conditions are satisfied. 

(1) B is factorial and B* = k* . 

(2) Ker D = k. 

(3) The monoid A is a free monoid of rank r. 

Proof. The "only if " part is clear with an algebraic derivation D = 
12l=i ^i x i~^k~i where Ai, . . . , A r are numerically independent. The monoid 
A is then generated by Ai, . . . , A r over Z> and B\ = kx™ 1 ■ ■ ■ x™ r if 
A = miAi + ■ • • + m r X r . 

We shall prove the "if " part. By the condition (3), the monoid 
is written as A = Yll=i ^«^>o with numerically independent elements 
Ai, . . . , A r of k. For 1 < i < r, choose elements & G B\. such that 
(D — Aj)(^j) = 0. Since Aj is primitive in A and the condition (2) is 
assumed, £i, . . . ,£ r are irreducible elements in B by Lemma [1.111 We 
claim that £i, • • • , £ r are algebraically independent over k. In fact, let 

^ . c ii---i r £,\ ' ' ' £,r = 0) c ii---i r ^ ^ 
il,...,ir 

be an algebraic relation of £i, . . . , £ r over k. Note that 

Ci ■ ■ ■ Cr e B il \ 1+ ... + i r \ r 

and iiAi + • ■ ■ + i r X r ^ j\X\ + ■ • ■ + j r X r in A whenever . . . , i r ) ^ 
(ji, . . . ,j r ). Since B = @ AeA B\, it follows that 

Cil ... ir = for V (i'i,...,i r ). 
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Let A = k[£i, . . . , £ r ]. Then A is a graded subalgebra of B of dimension 
r. Hence Q(B) is algebraic over Q(A). Let rj be a homogeneous element 
of _B M . Then there exist elements a (£)> • • • > a s(0 °f ^4 such that 

aoW + ai(0»7*" 1 + --- + a-(0=0- ( 6 ) 

We may assume that this gives a minimal equation of rj over and 
gcd(a , . . . , a s ) — 1. We can write 

a o(0 = ' ' ' £r" r + (lower terms in £ with the lexicographic order). 

Write = aiiAi + ■ ■ • + a r X r with oti, . . . , a r G Z> . As in the proof of 
Lemma [2. 11 the homogeneous part of degree 

miXi + • • • + m r X r + fis = (mi + «is)Ai + • • • + (m r + a r s)X r 

in the equation (jSJ) yields 

f "V + ci^V -1 + • • • + c s £ m+sa = 0, (7) 

where ci, . . . , c s G fc and £ m+ia = . . .^ r +ia r f or < i < s . 

Hence mi = • • • = m r = and the equation (JTj) yields an equation 

g^g-^-^O. (8) 

Since is algebraically closed and the equation (JSJ) is a minimal equa- 
tion, we have rj = c^ 1 ■ ■ ■ with c G fc. Hence _B = A = ■ • • , £ r ]. 
Let Xi = £j for 1 < i < r. Then .D is written as 

L> = AiXi— !-••• + A r x 



□ 

If Ai, . . . , A r are not numerically independent, we are ignorant of any 
characterization theorem corresponding to Theorem 12.61 



3. Algebraic derivations and singularities 

Let B be a normal afhne domain of dimension two. If D is a non- 
trivial locally nilpotent ^-derivation on B, then Spec B has at most 
cyclic quotient singular points [6] . In the case of algebraic derivations, 
worse singularities can coexist as shown in the following result. 

Theorem 3.1. Let G be a finite group acting on the k -vector space 
kx\ + • • • + kx r linearly. Let B be a polynomial ring k[x\, . . . , x r ] and 
let A = B G the ring of G -invariants. Let D = Y7i=i x i~£r be the Euler 
derivation. Then D induces a nontrivial algebraic derivation Da on A. 
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Proof. Note that B is a graded ring with grading degx« = 1 for 
1 < i < r. Since G acts linearly on kx\ + • ■ ■ + kx r , A is a graded 
subalgebra. Namely, A = © n>0 ^4 n ) where A n = A fl B n with B n the 
set of homogeneous polynomials of degree n. It is then straightforward 
to see that D(f) = nf for every / e A n . Hence D induces a k- 
derivation Da on A. Since D is algebraic, so is □ 

When r = 2, the Euler derivation in Theorem 13.11 induces an alge- 
braic derivation on k[x,y] G , where G is a finite subgroup of GL(2, k). 
However, we do not know the type of singularity which can coexist 
with algebraic derivations treated in Theorems 12.41 and 12.51 
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